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Abstract—To efficiently manage resources and provide guaranteed services, today’s computing systems monitor and collect
a large number of resource usages, for example the average
and time series of CPU utilization. However, little is known
about the analytical distribution of resource usages, which are
the crucial parameters to infer performance metrics defined in
service level agreements (SLAs), such as response times and
throughputs. In this paper, we aim to characterize the entire
distribution of CPU utilization via stochastic reward models.
In particular, we first study and derive the probability density
function of the utilization of widely known and applied queuing
systems, namely Poisson processes, Markov modulated Poisson
processes and time-varying Poisson processes. Secondly, we
apply our proposed analysis on characterizing the CPU usage
of live production systems, and simulated queuing systems.
Evaluation results show that analytical characterization of the
selected queueing models can capture the utilization distribution of a wide range of real-life systems well, and we argue
the robustness of our methodology to further infer system
performance metrics.
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I. I NTRODUCTION
CPU utilization, memory space utilization, and disk utilization, are the most prevailing performance metrics collected on today’s computing systems. Using those resource
usage statistics one can glimpse into how individual system components are utilized, and further develop resource
management and capacity planning policies. However, those
utilization values reflect little on user perceived performance,
such as response time and throughput per transaction, which
are commonly defined in service level agreements (SLA).
Therefore, the challenge faced in today’s systems is how
to leverage the large number of resource utilization values
monitored and stored by standard performance tools to
further estimate the SLA metrics. To such an end, it is
important to accurately characterize resource usages and
then apply the analysis on available performance inference
methodologies, like simulation and queueing models.
Typically, characterization studies [1]–[3] collect time
series resource usages1 from on-production systems or the
execution of benchmarks which emulate the systems. Their
1 In this paper, we interchangeably use ”time series of resource usage”
and ”utilization trace”

methodologies are drawn from statistical methods, i.e., regression method, time series modeling, and machine learning. Their objectives are often to capture/predict the trend of
coarse-grained average resource utilization, e.g., time series
of hourly CPU utilization, so that the system dynamics can
be further reproduced by means of simulation and modeling
to design various resource management policies. Indeed,
a large number of system studies [4], [5] adopt resource
usage as the workload input, and require not only coarsegrained average queueing utilization values but also finer
grained information, such as utilization distribution. Such
information is commonly resorted to by either fine-grained
trace-driven simulations, which have a very high storage
overhead, or the introduction of workload assumptions about
their higher statistic moments, which are yet to be characterized. Consequently, it is not clear how effectively and
accurate user perceived performance metrics can be induced
from the state-of-art characterization analysis, due to the
lack of light-weight methodologies to obtain higher order
information about utilization traces.
The state-of-art queueing models [6] applied on computing systems require workload parameters, specified in
terms of arrival and system service rates, and then generate
performance metrics, such as response time and resource
utilization. Depending on the distribution of workload parameters, the distribution of response times and queueing
lengths can be characterized analytically. Surprisingly, little
is said about the distribution of the resource utilization, even
for known queueing models, which actually resemble many
of today’s computing and networking systems. The advantage of having such analytical characterization of resource
utilization distribution is that one can straightforwardly compare it with the empirical utilization distributions collected
from real systems. As such, the underlying queueing models
and corresponding parameters can be identified, and hence
the performance measured.
Motivated by the importance and the lack of analysis on utilization distributions, this paper focuses on the
CPU utilization and develops an analytical characterization
methodology suitable for a wide range of real and simulated
systems. To such an end, our efforts are twofold: first, we
analytically derive the distribution of utilization for wellknown queueing models, i.e., simple Poisson processes,

Markov modulated Poisson processes (MMPP), and timevarying Poisson processes, using stochastic reward models.
Secondly, we characterize utilization traces from real production systems, and simulated systems, by mapping their
utilization distribution with the ones derived from the aforementioned queueing models. Results obtained show that the
proposed methodology can efficiently capture the utilization
distribution and further preserve the system dynamics with
negligible storage overhead, compared to existing trace
driven simulations.
This paper is organized as follows: the motivating example
from real systems is explained in Sec. II. The analytical
derivation of utilization distribution of MMPP/M/1/K, and
time-varying M/M/1/K is described in Sec. III. Sec. IV
contains the evaluation results. Sec. V concludes this paper.
II. M OTIVATING E XAMPLES
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Simulated MMPP2 /M/1/200 system with sampling
window=100s and average workload intensity= 0.65.
Figure 1. Time series and probability density function (PDF) of CPU
utilization usage.
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Figure 2. PDF of CPU utilization of simulated M/M/1/200 with different
sampling window sizes.

Today’s on-production computing systems are equipped
with easily-accessed low-level performance monitoring
tools, such as vmstat and iostat, to collect and store
resource utilization values. Due to the limited storage space,
the utilization sample points, collected for example each
minute, are often either aggregated into average values over
larger time windows, such as 15 minutes or one hour, or
fused into a probability density function (PDF). Hence,
time series of utilization values are collected in a coarse
granularity and, even if the pdf is collected in a finer
granularity, it is typically aggregated over a discrete range.
We collected 15-minute aggregated utilization values and
the minute pdf from an on-production server on Jan 12,
2012. We depict the 15-minute CPU utilization time-series
and the minute-based pdf in Fig. 1 (a) and (b), respectively.
From Fig. 1 (a), one can observe that the workload fluctuates
in a time-varying fashion, which is commonly observed in
many computer and network systems. Correspondingly, one
can find several peaks in its pdf (Fig.1 (b)). Such a real
life system is well attributed to the time-varying queueing
models.
In addition to the time-variability, many systems, especially web systems, also show a strong variability in their
stationary workload, i.e., even if the workload parameters,
such as average inter-arrival and service times remain constant, their distribution around the mean value is quite wide.
To study the utilization, we use a MMPP/M/1/K simulator
which records the percentage of time the server is busy
in every sampling window. The details of MMPP/M/1/K
are described in Sec. III. In Fig. 1 (c) and (d), we present
the time series and the empirical pdf of MMPP2 /M/1/200
with workload intensity2 0.65, using 100s as the sampling
window size. One can see that the time series of utilization
fluctuates up and down around 65%. This is also where
the peak in the utilization pdf is located. Furthermore, the
pdf appears to be a normal distribution with an average
around 65%. In contrast, existing queueing analysis can only
provide the closed form formula of the average utilization,
given the average arrival rate and service rate, but sheds no
light on the utilization distribution.
Then we use an M/M/1/K simulator with workload
intensity 0.65, and we apply twodifferent window sizes, i.e.,
10s and 1000s on this system. The resulting empirical pdfs
are shown in Fig. 2 (a) and (b) respectively. One can see that
the shape of the empirical distribution varies depending on
the sampling window size. When the sampling window size
is bigger, the pdf is more concentrated around the average
values, whereas when the sampling window size is smaller
the empirical pdf is more spread out and deviates from the
average values. In summary, the sampled values are closer
to the average workload intensity when applying a bigger
2 Workload intensity is defined as the average arrival rate divided by the
average service rate. One can also refer to such a value as the average
utilization for a stationary system.

sampling window, because the system is moving toward
the steady state from the transient states. To characterize
the empirical utilization distribution, the effect of sampling
window size should be well factored in.
III. A NALYTICAL C HARACTERIZATION
D ISTRIBUTION

OF

U TILIZATION

In this section, we derive analytical characterization
of utilization distribution for two different queueing systems: MMPP/M/1/K and time-varying M/M/1/K systems,
which can be used to model a wide range of computing
systems. All of these queueing models have one queue and
a single server, whose utilization is defined by the ratio
between the busy time and the total time. In particular, when
a system is observed as not being idle for B time units
over the total time T , the utilization can be computed as
U = B/T . As T is a constant value, the busy-time B can
capture the dynamics of U. Consequently, to analytically
derive utilization distribution, we first derive the distribution
of the busy-time for the aforementioned queueing systems,
i.e., MMPP/M/1/K and time varying M/M/1/k, using reward
models [7].
A. Reward Models
Reward models are an extension of ordinary continuous
time Markov chains (CTMC), which in turn are widely
used to solve queueing models, such as M/M/1/K and
MMPP/M/1/K systems. States in a CTMC represent different occupation levels of the queue, i.e., number of jobs, or
account for different “phases” of service when a complex
service distributions are used. Reward models introduce
continuous variables (reward variables) whose values continuously change over time at constant speed. The rate, at
which the reward variables evolve, depends on the state of
the CTMC. In this work we use the CTMC part of the
reward models to characterize the queueing component of
the system we are interested in studying. We use a single
reward variable b to account for the time a server has been
busy. In particular, we set the reward rate to 1 for all the
states that represent a busy system, and we set it to 0 for all
the idle states. In this way the value of the reward variable
represents the total time B the system has not been idle up
to the current time T .
B. MMPP/M/1/K Queueing Systems
A MMPP (see [8]) is used to capture high variations in
the workload. MMPP/M/1/K queues can thus better characterize web based systems, whose arrival process is highly
varying. Here, inter-arrival times between jobs can fluctuate
a lot and each job still requests a service time following
an exponential distribution. Particularly, in an MMPP, the
arrival rates are governed by another CTMC (with infinitesimal generator C) called the modulator process. The states of
the modulator process are used to characterize different time
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Figure 3. A reward model to compute the distribution of the utilization
of an MMPP/M/1/K queue.

epochs, where requests arrive at a different Poisson rate. We
call λi the arrival rate of requests in epoch i. The elements
of the infinitesimal generator, C, define the evolution of the
modulating process. An element ci j with i 6= j, represents
the transition rate from epoch i to epoch j. Since C is an
infinitesimal generator, we have cii = ∑ j6=i ci j . Depending
on the number n of epochs in the modulating CTMC, we
refer to the corresponding arrival process as MMPPn , and
the corresponding queueing system as MMPPn /M/1/K. The
queueing model can be analyzed by building a CTMC with
n · (K + 1) states. Each state represents the combination of a
given number of jobs j in a given epoch l. The infinitesimal
generator of the modulating process C governs the transition
among the epochs while maintaining the same length of
the queue. The queue length increases at different rates λl ,
depending on the considered epoch l. Contrarily, the queue
length decrease at rate µ since the exponentially distributed
service time does not depend on the modulating process.
Fig. 3 shows the complete CTMC of a MMPP2 /M/1/K
queue, where the modulating process is defined as:

C=

−c12
c21

c12
,
−c21

(1)

and the jobs, in epochs 1 and 2 arrive according to Poisson
processes with rates λ1 and λ2 , respectively. The distribution
of the utilization for the MMPP/M/1/K queue can be
computed by adding a reward variable b that accounts for
the accumulated busy time. In this case, the rate of the
continuous variable is b′ = 0 for all epochs when the system
is idle, and it is b = 1 for all other epochs and queue lengths
where the system has at least one job in service. If we call
πl, j (b,t) the probability density of being in epoch l, with
j jobs in the queue, and the system having been busy for
b time units at time t, the equations of the corresponding
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Figure 4. A reward model to compute the distribution of the utilization
of an M/M/1/K queue with time-varying arrivals.
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Figure 5. Comparison of analytical results with statistics on the simulated
traces of MMPP/M/1/200.

reward model are the following:

∂ πl,0 (b,t)
= −λ πl,0 (b,t) + µπl,1(b,t)+
∂t
+ ∑ chl πh,0 (b,t)

for j = 0,

Also in this case the boundary, initial conditions, and the
distribution of the utilization p(u, w) can be easily derived
h
from the precious expressions.
∂ πl, j (b,t) ∂ πl, j (b,t)
+
= −(λ + µ )πl, j (b,t)+ for 0 < j < K,
∂t
∂b
IV. A NALYSIS AND E VALUATION
+ µπl, j+1(b,t) + λl πl, j−1 (b,t)+
In this section we use the analytical results defined in
+ ∑ chl πh, j (b,t)
Sec. III to study the behavior of the utilization distribution.
h
For what concerns the computation of the solution, several
∂ πl,K (b,t) ∂ πl,K (b,t)
+
= − µπl,K (b,t)+
for j = K.
different techniques are available depending on the particular
∂t
∂b
+ λl πl,K−1 (b,t)+
structure of the model, and on the measures in which
+ ∑ chl πh,K (b,t)
we are interested. For time homogeneous models (e.g., 2),
h
moments can be efficiently derived using techniques based
(2)
on uniformization such as the one presented in [9]. For the
Boundary and initial conditions can be easily derived, but
computation of the full distribution, under non-homogeneous
are skipped for space constraints. The probability density of
assumptions (e.g. Eq 4), the full equation must be solved:
the utilization u over a time window w can then be derived
in this work we have used the numerical method presented
as:
in [10]3.
K

p(u, w) = w ∑

n

∑ πl, j (u · w, w) ,

with 0 ≤ u ≤ 1.

(3)

j=0 l=1

C. Time-varying M/M/1/K Queuing Systems
While MMPP/M/1/K systems well capture the workload
fluctuation caused by the modulating process with different
arrival poisson processes, it is not suitable to study the
workload variability caused by the effect of time, e.g., peak
v.s. off-peak working hours, shown in Fig. 1 (a). In such
a system, the arrival rate changes as a function of time
and an nonhomogeneous Markov process is more effective.
We thus introduce the time-varying M/M/1/K Queueing
System. In this case, arrivals are governed by a time-varying
poisson process of rate λ (t). The corresponding CTMC
can be described by the process depicted in Fig. 4.. The
corresponding equations are the following:

A. Model Validation on MMPP/M/1/k
To validate the model, we compare the analytical results
obtained from the reward model with simulation traces from
the discrete event simulator. In particular, we have developed
a simulator with Omnet [11] of a simple transactional
system, where jobs arrive according to a MMPP, with two
states having arrival rates λ1 = 0.6 job/s and λ2 = 0.7 job/s,
respectively, and phase-change rates c12 = c21 = 1.0.We set
K = 200 and w = 100s, with the queue being initially empty,
and the MMPP modulating process starting in epoch 1. The
comparison between utilization traces of MMPP/M/1/200
and analytical results is shown in Fig. 5. The results obtained
with the model strongly agree with the ones computed from
the simulator traces.
B. Evaluation of Real Systems Using the Time-Varying
M/M/1/K Model

∂ π0 (b,t)
Finally, we compare the results of the time-varying
= −λ (t)π0 (b,t) + µπ1(b,t)
for j = 0.
M/M/1/K
model described in Sec. III-C with the data
∂t
∂ π j (b,t) ∂ π j (b,t)
acquired
from
a real trace. We consider the trace of a SAP
+
= −(λ (t) + µ )π j (b,t)+ for 0 < j < K.
∂t
∂b
[12] application server, which can be considered as a system
+ µπ j+1(b,t) + λ (t)π j−1(b,t)
running primarily CPU bound workloads, but in this case it
∂ πK (b,t) ∂ πK (b,t)
+
= −(µ )πK (b,t)+
for j = K.
3 The technique mentioned here is defined for fluid models. However,
∂t
∂b
+ λ (t)πK−1(b,t)
since reward models are special cases of fluid models, it can also be applied
(4)
in the scenario considered in this paper.

(a)Time series

We will also study the effect of more complex arrival processes and non-exponential service times on the utilization
distribution. From a practical point of view, we will try to
apply the proposed results to infer the operating parameters
of the servers from their logs and traces, and use the models
to infer possible erroneous or non-normal behaviors of such
servers.

(b) PDF
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Figure 6. Comparison of CPU utilization collected from a real system
against model results.

is little utilized. We fix the service rate of the application to
µ = 0.2 job/s, and we set λ (t) as:

λ (t) = µ ũ(t),

(5)

where ũ(t) is obtained from the utilization trace. In particular, we have applied a moving average filter of width ω to
the traces. If we call u(t) the utilization measured from the
traces, then ũ(t) is computed as:
ũ(t) =

1
ω

Z ω /2

−ω /2

u(t + x)dx.

(6)

In our experiment, we use ω = 1800s (0.5 hours). Also, the
length of the sampling window is set to w = 1800s, the size
of the queue to K = 100 and the system starts initially empty.
Fig. 6 (a) compares the time evolution of the mean utilization
(computed from the model) with the original trace. As we
can see, there is a close match between the real data and
the one obtained by the time-varying M/M/1/K model.
The model however tends to smooth-out the curve: this is
a typical side effect due to the filtering applied. Fig. 6 (b)
shows the distribution of the utilization, both of the real trace
and of the analytical model. For the latter, the utilization is
computed by averaging the output of the model over the total
time. Here, peaks tend to be smoothed out a lot, and there is
a slight mis-alignment between the analytical solution and
the statistics from the real trace. This could be partially due
to the different discretization schemes used by the analytical
solution and the statistics from the real trace.
V. C ONCLUSIONS
In this paper we develop an analytical characterization
of the utilization distribution, computed on known queueing
models using finite sampling window sizes. The proposed
analysis is able to match the data that are obtained from
traces and logs commonly stored on real systems. In particular, the first two moments of the utilization can be used
to infer both the arrival and the service rate of a server at
various simulated queueing systems and real systems.
Future works will go in two different directions. From
an analytical point of view, we will try to capture a closed
form relation between the arrival rate, the service rate, the
moments of the utilization and the sampling window sizes.
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